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We analyze the non-Gaussianity for primordial curvature perturbations generated in multi-scalar 
slow-roll inflation model including the model with non-separable potential by making use of 5N 
formalism. Many authors have investigated the possibility of large non-Gaussianity for the models 
with separable potential, and they have found that the non-linear parameter, /jvl, is suppressed by 
the slow-roll parameters. We show that for the non-separable models /jv_t is given by the product 
of a factor which is suppressed by the slow-roll parameters and a possible enhancement factor which 
is given by exponentials of quantities of 0(1). 

PACS numbers: 



I. INTRODUCTION 

Inflation has been widely recognized as a standard 
mechanism for generating primordial density pertur- 
bations which seed the structure formation of the 
universe and the cosmic microwave background(CMB) 
anisotropics. In the simplest single- field inflationary uni- 
verse scenario, primordial fluctuations are created by vac- 
uum fluctuations of the inflaton. However, in construct- 
ing realistic inflation models based on supergravity, it 
seems more natural to consider that the energy scale 
of inflation is much lower and that the scalar field may 
have multi-components during inflation. The discrimina- 
tion of the simplest single-field inflation model from the 
other low energy inflation models will be most clearly 
done by the future observation of CMB B-mode polar- 
ization [3, [2, Si • The simplest single-field model predicts 
high energy scale of infiation. Thus the amplitude of the 
tensor perturbation is large and is expected to be ob- 
served soon. In contrast, in the case of low energy infia- 
tion models, the tensor perturbation is negligibly small. 
Therefore no primordial tensor perturbation will be de- 
tected. 

Recently, the non-linearity (non-Gaussianity) of the 
primordial perturbations also has been a focus of con- 
stant attention by many authors 0, H, H, 0, H, H, 
[T^ . [Tsl . [3, [3 ■ The main reason for attracting much at- 
tention is that meaningful measurement of this quantity, 
which brings us valuable information about the dynam- 
ics of infiation if detected, will become observationally 
available in near future. In order to parameterize the 
amount of non-Gaussianity of primordial perturbations, 
commonly used is a non- linear parameter, JnLi which 
is related to the bispectrum of the curvature perturba- 
tion [H. 

Meanwhile, in the single field slow-roll infiation it is 



found that Jnl is suppressed by slow-roll parameters 
to undetectable level la. [ill . But, for example, in the 
curvaton scenario [la, []/7[, it is predicted by many au- 
thors [H, [l^ [13, l2l| that there is a possibility of large 
non-Gaussianity enough to be detectable by future exper- 
iments, such as PLANCK jl|, which is expected to detect 
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scenario, primordial curvature perturbations are sourced 
by isocurvature perturbations related to the vacuum fiuc- 
tuations of a light scalar field (other than infiaton), called 
curvaton, which is an energetically subdominant compo- 
nent during infiation. As the energy density of the uni- 
verse drops after inflation, the fraction of this component 
becomes significant. Then, through the process that the 
curvaton decays into radiation after inflation, the curva- 
ton isocurvature perturbations are converted into curva- 
ture (adiabatic) perturbations. Curvaton scenario pre- 
dicts nearly scale invariant spectrum as in the case of the 
standard inflation scenario, but a large value of /atl is 
possible in this scenario. 

For the multi-scalar field inflation, however, the pos- 
sibility of generation of primordial non-Gaussianity has 
been studied only for the models with the sep arable po- 
tential within the slow-roll approximation j22l. [23l. [2^. l25l. 
m, [131. For such models with separable potential, it was 
predicted that Jnl is suppressed by slow-roll parameters 
as long as slow-roll conditions are satisfied. 

In this paper, we analyze the primordial non- 
Gaussianity in multi-scalar field infiation models with- 
out specifying the explicit form of the potential. What 
we assume is just the slow-roll conditions. To obtain an 
analytic formula for /jv^ written in terms of the potential 
of scalar fields, we apply 5 N formalism [1^ extended to 
non-linear regime 

In section III Al we briefly review the power spectrum 
and the bispectrum which is related to the two- and 
three-point correlation functions of the curvature pertur- 
bations respectively and we define the non-linear param- 
eter, Jnl- In section Tub I we review how the non-linear 
parameter can be described in the 5N formalism which 
was proposed in Ref. [ll|. In section HTTl we show how one 
can obtain an analytic formula for fjsiL in terms of the 
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potential of the scalar field in slow-roll approximation. 
We also discuss the possibility of generation of a large 
amplitude of the primordial non-Gaussianity in multi- 
scalar slow-roll inflation. We give a summary in section 



NON-LINEAR PARAMETER /nl AND SN 
FORMALISM 



II. 



A. Power Spectrum and bispectrum 

In this subsection, we briefly review the power spec- 
trum and bispectrum of curvature perturbations and de- 
fine the non-linear parameter, Jnl, following Ref. [ill . 
[l2j . We consider a minimally coupled D-component 
scalar field whose action is given by 
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where V{4)) represents the potential of the scalar field. 

As a gauge invariant perturbation variable, we choose 
the curvature perturbation on a uniform density hyper- 
surface, C,. If the perturbation is pure Gaussian, its statis- 
tical properties are characterized by its power spectrum, 

, defined by 



27r2 

where represents a Fourier component given by 
1 



(1) 



Ck(t) 



(27r) 



3/2 



d X ({t, x) exp (— ik • x) 



What we consider in this paper is the non-Gaussian cur- 
vature perturbation given in the form [J, Q , 



C(x) = Cg(x) - -/^lCS(x) , 



(2) 



where f^L is called the non- linear parameter and C.g 
satisfies Gaussian statistics. The power spectrum of C 
is identical to that of Cgj i-e. "P^ = ^Cg; ^^'^ non-linear 
part, — l/AfiCc' affects the higher order correlation func- 
tions. The three-point correlation function is character- 
ized by the bispectrum, B, defined by 



(CkiCk.Ck3> = S^'^ (ki + k2 + ka) Bc{ki,k2, h) . (3) 
In the present case, the bispectrum B is expressed as 

6 /nl 



S^(fci,fc2,/C3 



(27r) 



3/2 



where Pdk) = Q{k) / k'^ . 



B. SN formalism 

In this subsection we briefly review the 5N formalism 
and show a simple formula for fjq l , following Ref. [H, [2^ 
and [U. 

The background e-folding number between an initial 
hypersurface at t = and a final hypersurfacc 'At t ~ tc 
is defined by 

N = I Hdt 



Here, we assume that the time derivative of is not 

independent of 0^ (t) as in the case of standard slow- roll 
infiation, and then we can regard iV as a function of the 
homogeneous background field configuration 0^(t*) on 
the initial hypersurface a,t t — t^, and (f)^ [tc) on the final 
hypersurface at t = tc, 

Let us take to be a certain time soon after the rele- 
vant length scale crossed the horizon scale, and to be a 
time when the complete convergence of background tra- 
jectories in the phase space of the D-component scalar 
field has occurred. At t > the history of the universe 
is labelled by a single parameter. Then, it is well-known 
that the curvature perturbation on a uniform density hy- 
persurface, C, becomes constant in time on super-horizon 
scales. Thus, in the estimation of the spectrum, what 
we need is only the final value of the curvature pertur- 
bation C(^c)- Based on the SN formalism, C evaluated 
a,t t — tc is given by SN{tc, (j)^^*)): where we substitute 
(j>^ {tc) with tc because we have taken tc to be a time when 
the background trajectories have converged. 

The relation between ^ and SN up to the linear order is 
given in Ref. [28j , and its non-linear extension is given in 
Ref. [2§], (See also Q). Up to second order the relation 
becomes 



C(ic) - SN{tc, ^i) = NJScPi + l-N^ji 



(4) 



where ~ means the use of the super-horizon approxima- 
tion, and S(j)l represent the field perturbations on the 
initial fiat hypersurface at t = t*. We have also defined 
7V; = Ni{t^) and N^j = iV/j(t,) with 



Niit) 



Nuit) 



dN{tc,<j^') 



d^N{tc,<ji') 



<l>'='t>'it) 



Substituting Eq. (g]) into Eqs. (P) and dS]), we find that 
the non-linear parameter /at l defined by Eq. ^ is given 
by 
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where the indices are lowered and raised by using the 
Kronecker's delta like 

= 6"Nj. 

Here we have assumed that the field perturbation on 
the initial flat hypersurface, S(j)l, is Gaussian [30] , and 
we have neglected the logarithmic term appearing in 
Ref. 11'] because this term is suppressed by the power 
spectrum of curvature perturbation, V( ~ 10" 
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III. NON-LINEAR PARAMETER IN 
MULTI-SCALAR SLOW-ROLL INFLATION 



hypersurface after the convergence of trajectories. In 
this paper, we concentrate on the non-Gaussianity of 
the curvature perturbation generated during the RSRC 
phase. For this purpose, we introduce if, a time at 
which the RSRC are still satisfied. We divide the pro- 
cess of evaluating C(^c) into two parts: (i) evaluation of 

(0) 

N{tc, (j) (tf)), the e-folding number to reach 4> {tc) start- 
ing with (f)^ — (j)^ (tf), and (ii) expressing S(j)^ {t{) in terms 

(0) 

of S(j)l, where we expand the scalar field as (j)^ = (j)' + S(j)^ . 
As we use the e-folding number itself as the time coor- 
dinate, N + N{Nc,(j)^{N)), by definition, is equal to 
and is constant independent of N. Therefore one can say 



A. Background equations in slow-roll regime 



-NljSc^lScf,,', (8) 



Using the background e-folding number as the time 
coordinate, the background equation is obtained as 



1 dH 

^^HdN 



^ + ^ = 

dN m ' 



where = 5^ {dV / d(f)'^ ) . The background Friedmann 
equation is given by 



3 V 2 dN dN 



We define the slow-roll parameters in terms of the po- 
tential of the scalar field as 



1 V^Vi 
2~V^ 



Vu 
V 



Hereinafter, we assume e ^ 1 and |?7/j| <C 1, which we 
call "relaxed" slow-roll conditions (RSRC). [31] Under 
these conditions, the background equations reduce to 



d(l>^ 
'dN 



V ' 



(6) 
(7) 



where 5<p{^5<p' [Ni), SN{N,,^' {Nf)) - N{N,,^'{Nf)) 

~N{Njp{Ni)), Nj = Ni{Nf) and Njj = Nij{Nf). 
Our formulation does not apply for the curvature per- 
turbation generated after the RSRC are violated. Post- 
poning the evaluation of this part to the future issue, we 
study how one can express (50^ in terms of S(f)l to the 
second order perturbation. In the succeeding subsection, 
assuming that Nj and Njj are given, we calculate the 
non-linear parameter, /nl- 



B. Analytic formula for the non-linear parameter 

In order to obtain the non- linear parameter, /nl, in- 
troduced in Eq. (O, we need to evaluate Nj and Njj. 
Once we obtain the relation between (5(/<f and 6(j)l, one 
can express iVj and Njj by using Nj and Njj from the 
comparison of Eqs. ([4]) and ([8]). Thus, wc first solve the 
evolution of dcj)^ {N) to the second order. 

The scalar field is expanded up to second order as 



1 <"'r 



Taking the variation of Eq. ([5]), we obtain 



In most cases, the complete convergence of background 
trajectories in phase space of the I?-component scalar 
field occurs after the RSRC are invalidated. Under the 
present approximation, therefore, we can not evaluate 
C{tc), the curvature perturbation on a uniform density 



A-Sp{N)=H'iN)P'j{N) 



(9) 



A.s7'{N)^6p{N)P'AN) 

+Sp{N)6i''{N)Q'jj,{N) , (10) 



[30] In Ref. [1[T1, the authors have calculated the non-Gaussianity of 
the field perturbations on the initial flat hypersurface, Sip* , and 
they concluded that the non-Gaussianity will not be large when 
the "src" are satisfied. Here we assume the slow-roll approxima- 
tion, so it does not seem so bad to neglect the contribution of 
the non-Gaussianity of Sip* to Jnl- 

[31] In the "standard" slow-roll approximation, one assume that e fs; 
1^7 J I ^ 1- Here, we do not assume the relation between the 
order of e and that of rjjj. 



with 



V 



V 



(0) 

0=0 (TV) 



y2 



y2 



y'yjK ^y'yjyK 



1/2 



1/3 



(0) 

<t>=<t>{N) 
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Let us consider the conditions under which we can use 
Eqs. ® and Uni). Differentiating Eq. Q with respect to 
N, we have 



dN \dN ^ 



d 

dN 



V 



JK' 



(11) 



If we consider the minus of Eq. (jlip as the corrections 
to the r.h.s. of Eq. we naively give an estimate for 

(1) 

the correction to 6(l> 

/ (1) \ f (1) r (1) r 

AU^M ~ / dN6(p-'P'j+ / dN6(P''{P^) J 



V 



K 



JK- 



V 



(12) 



From this expression, in order that Eq. © is a good 
approximation, the conditions 



dN{p^)r 



< 1 



and 



dNQ^ 



JK 



K 



V 



< 1 



(13) 



(14) 



must be satisfied. If we define a small parameter ^ by 



V 

we can estimate the duration of inflation measured in N 

as 



dN 



Then, roughly speaking, the conditions, and 
reduce to 

\P'j\^O{0, \Q'jk\^O{0. (15) 
Differentiating Eq. PH)) with respect to N, we also have 

dN \dN ^ J dN \ ^ J ^ dN 

(1) (1) r! / 

In the same way, the condition in which we can neglect 
the contribution of the second derivative, becomes 



JK) 



e « \Q' 



JK 



(16) 



Thus, in order to use the approximate equations, 
Eqs. ^ and (fTU]) . the required conditions are 



V 



-0(0 , 



Vij 




VlJK 


V 




V 



« 0(0 , 



(17) 
(18) 



and Eq. (|16p for a small parameter and we redefine 
RSRC by these required conditions. 

These equations are D-component coupled differential 
equations. In general, we cannot solve Eqs. ((9]) and (fTO|) 
analytically. We give a formal solution of Eq. ([9|) as 



^'iN)^A'j{N,N,)Scl,i , 



and 



A[j{N,N') 



Texp 



N 



P{N")dN" 



N' 



J ' 



(19) 
(20) 



where T means the time-ordered product. We also give 
the formal solution of Eq. (|10p as 



N 



S(b'iN)^A'AN,N,) / dN'[AiN\N,)-'Y^ 

J N, 

y-Q\M{N')H'^{N')5S'^\N') . (21) 
Substituting these solutions to Eq. (I8|), we obtain 



aN,)^N\[A'j{NuN,)5<i>i 

dN' A'j{m,N')Q'KL{N') 



1 

2 Jn. 

xA\t{N',N,)A\iN',N, 



kK xaL 



+ ^N\jA'j,{m,N,)A\{NuN, 

Comparing this expression with Eq. ([l]), we find that Nj 
is expressed as 

N* ^ N'jA-\{NuN,). 

Since the above relation should hold for arbitrary N^ , we 
also have 

Ni{N) = N^jk'j{NuN). 

With the aid of this relation, Njj is expressed as 

N*u = A^kA^(^f , N,)A'^j{Ni, TV,) 

+ / dN' Nk{N')Q\,,{N') 

xA'^j{N',N,)A^j{N',N,). 

Substituting the above relations into Eq. ([5]), and using 
we finally obtain a very concise formula 



for the non-linear parameter 



- IfNL = [NJN, 
5 



I\-2 



iv5^e'^(7Vf)e^(iVf) 



5 



Nf 
TV, 



dN' Nj{N')Q-'j^j^{N')e^{N')e^{N'] 



(22) 



where we have introduced a new vector 



e'iN) = A[jiN,N,)N^. 

Eq. ((22|) is the main result of this paper. If we di- 
rectly evaluate the formula ([5]) for the non-linear param- 

(2) 

eter /nl, we need to calculate (p (Nf) as functions of ip^ . 

(2) 

Namely, we need to compute the coefficients <j) jxi-^f) 

(2) (2) 

defined by (j)^{N) — (t)^jj^{N)(l)'^(p^. However, our final 
expression (l22l) does not request to compute the evolu- 
tion of such a quantity that has three indices. Instead, 
we only have to deal with vector- like quantities Ni{N) 
and 8^(iV), which are obtained by solving 



^P''j{N)Nj{N) 



—e\N)=p'jiN)e'{N) 



(23) 
(24) 



The boundary condition for Nj{N) is given at = A^f 
and that for Q^{N) is given by 



e^(iv,) = iv^(iv,) 



(25) 



When a specific model is concerned, one can numerically 
evaluate /jvl by using the above formula rather easily. 
We first numerically integrate Ni{N) backwards in time 
until the initial time iV*, then the initial condition for 
Q^{N) is given by Solving Eq. we obtain 

Q^{N). Finally, substituting these results into the for- 
mula (|22p and integrating over N', one obtain /nl- 



C. non-linearity generated until N — N{ 

Here we evaluate C{Nf), the curvature perturbation on 
a uniform density hypersurface evaluated at N = N{. To 
do this, we use the following fact. It has been shown that 
perturbation of the background trajectories 5(p' (Nf) can 
be interpreted as the perturbation in a particular gauge, 
which we call iV-constant gauge [29]. Furthermore, it has 
been also shown that, under the assumption that one can 
neglect purely decaying mode contribution, iV-constant 
gauge is equivalent to the flat slicing. Therefore Scj)-' (Ni) 
can be recognized as the field perturbation on the flat 
slicing at TV = TVf. In the slow-roll regime, the uniform 
energy density hypersurface is approximately the same 
as the V = constant hypersurface, since p — V + 0{e). 
Then, C(-^f) is evaluated by the time shift dN necessary 
to transform to the V — constant hypersurface from the 
flat slicing. This leads to the relation 



V {(piNi + SN)) = V 



(0) 



(26) 



From this equation, we can obtain the relation between 
SN — C{Ni) and Scp^. Up to second order, Eq. (^5)1 can 
be expanded as 



1/2 Y 



f - ^/l^-^Jf ) 



dN 

(1) (2) (1) (1) 

+2Vi5(l)i + ViS<pi + Vu5(t)l5<i)i 



0, 



(27) 



where we have used the equation of motion for (p^{N), 
Eq. and its time derivative 



= -P 



dN^^ ' •' V 
Solving Eq. ([77]) for 5N up to second order in (50, we have 



C(iVf) « 5N 
V 



(1) 1 (2) 1 (1) (1) 



(0) 

■=4>f 
(28) 



with 



Umn = Vmn + 2 



VklVV^VmVi 



N 



VmVn VKiMV^VN) 



V 



where we have used Eq. ([9]). 

From this expression, we find that one can apply the 
formula obtained in the preceding subsection with the 
identification 



V 



N 



V^Vj 
1 / V 



Vi 



IJ 



2 \ V^Vk 



Uij 



In the present case the analytic formula for the non-linear 
parameter, /nl, can be written down more explicitly as 



- tJnl — 2 
5 



riiJ 



2V^Vk 



with 



-(iV>;)-2 / dN Ni{N)Q\ji,{N) 

xQ'^{N)e^{N) , (29) 
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Here we have used the relation Q^Vj = V^Vi, which 

holds aX 4> — . In the single field case this result, 
Eq. (|29p corresponds to the well-known simple formula 
given in Ref (see Appendix E)) . Under the condition 
that TV-constant hypersurface is identical to V =constant 
hypersurface, it can be shown that C(-^f) becomes inde- 
pendent of Nf, and so is Jnl- (see Appendix [B)) . 

We discuss here the rough order estimate of the above 
expression. Here we assume Eqs. (fT6|). ([T7| and (fT8|) for 
the order of magnitude of the derivative of the poten- 
tial. Namely, Vij /V < 0(0 and Vijk/V < 0(C). The 
duration of inflation measured in N will be estimated 
by V{dV/dNy^ = 0{^~^). Further, we assume that 
all components of A^j do not become much larger than 
unity. Then, Nj and Qj are estimated as 0(^~^) since 
they are roughly the same order as V/Vj. &j is of 0{V^) 
and thence of 0{V'). This rough estimate of the order 
of magnitude indicates that Jnl is smaller than 0(1) 
within the range of validity of our present approximation. 
The large non-Gaussianity {/nl > 1) is not likely to be 
generated even in the case of multi-scalar inflation with 
non-separable potential in the standard slow-roll approx- 
imation, where Vjj/V = 0(e) and Vjjk/V = 0{e^/^), 
/nl is definitely suppressed by the slow-roll parameter, 
e. Nevertheless, a little loophole exists in the above esti- 
mate. We assumed that A^j is always of 0(1). However, 
since the exponent in Eq. (|^D|) can be 0(1), A^j is not 
guaranteed to stay of 0(1). 



IV. DISCUSSION & CONCLUSION 



However, it is not clear if this assumption is guaranteed 
in general. In the standard slow-roll inflation, the expo- 
nent in the expression of A also becomes 0(1). Hence, A 
itself can be much larger than unity. As a future work, 
we will investigate various possibilities of generating large 
non-Gaussianity in multi-scalar inflation by constructing 
explicit models. 

Another possibility to generate detectable non- 
Gaussianity is to relax the conditions, ry/j ^ 0(0 and 
Vijk/V <C 0(0- Observations currently constrain the 
magnitudes of the first and second derivatives of the po- 
tential in the direction along the background trajectory, 
but the second derivatives of the potential in the direc- 
tion orthogonal to the background trajectory or the third 
derivatives of the potential might be larger. 

In this paper we imposed the conditions that the 
derivatives of potential in all directions in field space 
are sufficiently small. We can relax these conditions still 
keeping all the observational constraints satisfied. We 
will also analyze such possibilities in a future work by 
extending our formalism to non slow-roll cases. 
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We have studied the primordial non-Gaussianity in 
_D-component scalar field inflation models for arbitrary 
potential under the slow-roll approximation by making 
use of the 5N formalism. We obtained a concise ana- 
lytic formula for the non- linear parameter, /nl, writ- 
ten in terms of the potential of the scalar field. The 
obtained formula (|22p has non-local terms, the terms 
written by an integral over N' and the terms contain- 
ing , which implicitly contains partial information of 
A ~ Texp (/ dN'P). Here A and P are a D x D ma- 
trix and T represents the time-ordered product. Explicit 
form of P^j is given in ([5]). It is remarkable simplifica- 
tion that our final expression (j22p is written by D vec- 
tor quantities, Nj and O^. Our formula is valid when 
rijj = Vij/V < 0(0 and Vijk/V < 0(0, where we 
defined ^ by Vj /V = 0(0- In this case, we find that 
/jVL is smaller than 0(1), under the assumption that 
Nj and 8^ stays of 0(^~^), even in the case of multi- 
scalar inflation with non-separable potential. We also 
find that /at^, is suppressed by the slow-roll parameter, 
e, in the standard slow-roll inflation, where rjjj = 0(e) 
and Vijk/V = 0(e"^^^). Under this assumption, primor- 
dial non-Gaussianity does not become large enough to 
be detectable by future satellite missions for the cosmic 
microwave background {Jml > 1), such as PLANCK. 



APPENDIX A: SINGLE FIELD SLOW-ROLL 
CASE 

In the single field slow-roll case, the power spectrum is 
given by 



v^ 



2ti 



In this case, using the slow-roll parameters we can write 
A as 



A — exp 



N 



dN' (2e - 77) 



N, 



Moreover, we have 



dN 
_d_ 
dN 



V{N) = ~2eV{N) , 
V^{N)^-fjV4N) . 



Using these equations, we obtain V{N) — V* 
exp(-2/^^edAf') and V^{N) = exp(- /^^ 77 diV'). 
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Then the power spectrum evaluated at horizon crossing 
time becomes 



0* 



27r 



f Hi 



This is consistent with a standard formula. 

In the single field slow-roll case, the non-linear param- 
eter, /atl is simply given by 

6 , _N^^ 

where iV^ = dN/d(f>. Since the e-folding number is given 

by 



This can be directly verified as follows. In this case, 
the derivative of C(^f ) given in with respect N{, 



aN)={Ni + NjP'' 



Nij + Q'^ijNk + NikP'^j 



-NjkP^^i 



t>fhc^i^'\ (Bl) 



will be constant independent of N , where we have re- 
placed iVf with N . The change rate of V must be con- 
stant on A^— constant surface in the present case. This 
condition can be written as 



we obtain 



/V - ^ /V - 1 ^^^^ 
A/0 - — , A/00 - 1 

V6 Vj, 




which is further rewritten as 



VijVW^Vk - V'^VWiK = 0. 



(B2) 



Thus we have a simple formula as [ij 

r2 



6, _n 



V 



2e-77 



(Al) 



Let us reproduce the same result by using our formula. 
In the single field case our formula reduces to 

-//v. = I^ - + ^ /^A.'Q(A.')A(A^') 



'-2e{N) - T]{N) + / dN' 
Jo 

- 7^^ . 



N 



drj 
dN' 



^dN' 



This agrees with the formula given by Eq. (jAip . 



APPENDIX B: CONSTANCY OF 5N 



In the subsection IIII CI we have evaluated C(^f)j the 
curvature perturbation on a uniform density hypersur- 
face evaluated at A^ = Nf. If N{(j>,Nc) =constant sur- 
face is identical to y— constant surface at A^ = N[, 
we have C(-^f) = C(-^c)- If it is always the case that 
A^— constant surfaces in the configuration space are iden- 

(«) 

tical to y— constant ones around (p = ip {Nf), we have 
(^{N) = ((Nc) for any N close to A^f. Hence, C(^) be- 
comes independent of N. 



Using the identity A^/0^ = —1 and Nj cx Vi which imme- 
diately follows from the fact that A^— constant surfaces 
and y— constant surfaces are identical, we find that 



V 



Then, we have 



Nj + NjP'^j = {VjkV-'v'^Vi - VikV") = , 



where we used the condition (jB2j). Differentiation of the 
above equality gives 



= 



(Ni + NjP''j 



^NuK^ + Nij^^' + NjkP-'i + NjQ\k 
^(n'ik + NjjP-^ K + NkjP\ + Q\kNj) ■ (B3) 

From these relations, we can explicitly see that C(-^) is 
independent of N when A^— constant surfaces agree with 
constant surfaces. When this condition is satisfied, 
Eq. dUD is shghtly simphfied. By using Eq. jBU, the 
first two terms in round brackets can be unified into one 
term. 
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